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Banach .IX‘ $+|J$ $\{\prime r_{71}’\}$ $X$ bounded basis ,
:
(i) $\forall\gamma i\in X$ , $x= \sum_{n}\alpha_{r^{li}n}$’ .
(ii) $0<i_{I1,\prime 1}f\Vert a:_{r\iota}.||\leq S11.$ ])$\Vert:\iota:_{f\downarrow}||\uparrow 1<\infty$ .
$\sim|7$ , unconditional basis (X
Riesz basis), , conditional basis
$a_{i^{-}}’$ .
, 2 $L^{2}[-\pi, \pi]$ , $\{x_{\iota}\}$ ,
$t^{i\lambda,}(-\rangle$
$|$ } ., R,iesz basis conditional basis
.
Riesz $b_{d_{A}^{t_{1’}^{\sim}}}is:$. , Kadec’s 1/4-theorem
(see [5, $Tfio\langle$ ) $rt^{\backslash },1111$ ] or [14, ch.1, \S 9, Th$(\backslash \prime orc^{\backslash }\prime n114$]) :
Theorem A (Kadec’s 1/4-Theorem).
If $\{\ell\iota_{f\dagger}.\}i9x$ sequence of $r\cdot ralr\iota\iota\iota mber\cdot.$; $for\uparrow$which
$|_{j} \iota_{r\}}-n|\leq L<\frac{1}{4}$ $\gamma|,$ $=0,$ $\pm 1,$ $\pm 2,$ $\ldots$ ,
then $\{e^{A}\prime i_{l}\iota_{\prime},t\}$ is $n$ Riesz basis $f_{07}\cdot L^{2}[-\pi, \pi]$ .
, $\{\lambda_{r\iota,1/2}\}$ ,
$\lambda_{n,1/2}=\{\begin{array}{ll}n-\frac{1}{2}, n>0,n+\frac{1}{2}, n<0\end{array}$ (1.1)
. , $\{ei,\sim’\}_{n\neq 0}$ isoInetric isomorphism,
$\phi(t)rightarrow e$ $\phi(t)$
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, orthonorInal $t$) $\dot{c}\iota sis\{c^{ir1.t}\}$ basis .
$t_{ld,h’}i_{\backslash }\{ ’.\dot{r,}\lambda_{l}, I/-l\}_{71,\neq 0}$ , $K_{\partial}$dec’s 1/4-theorem
:
Theorem $B$ (Kadec’s 1/4-Theorem).
If $\{/,\}_{r’.\neq t)}$ is a sequcnce of real $nu\gamma mber\cdot s$ for which
$|/\iota_{n}$. $- \lambda_{7\prime.,1/2}|\leq L<\frac{1}{4}$ $n=\pm 1,$ $\pm 2,$ $\ldots$ ,
then $\{:^{j,\iota_{n}t}J\}_{n\neq 0}$ is a Riesz basis for $L^{2}[-\pi_{:}\pi]$ .
, $\{\lambda,|.,(\rangle\}$ :
$\lambda_{n,\alpha}=\{\begin{array}{ll}r^{-}|, -\alpha, n>t),n+\alpha, \gamma\iota<0.\end{array}$ (12)
, $\{\epsilon^{it}|\cdot\}$ , $\{e_{\ovalbox{\tt\small REJECT}}^{i\lambda_{1,\cap}t}\}$ $\{e^{i\lambda_{\iota,\alpha}t}\}_{n\neq 0}$ .
, $1/4<CP<3/4$ Theorent $B$ , system $\{e^{i\lambda_{\iota,\alpha}t}\}$ $L^{2}[-\pi, \pi]$ Riesz
basis .
Balan [2] Fotirier frames , .
Theorem $C$ (Balan [2], Theorem 1).
$6^{\gamma}upp_{0_{2}}\backslash \cdot e\{\lambda_{?1},\}_{n.\overline{\epsilon}7_{r}}$ a frame sequence of real numbers for $L^{2}[-\gamma, \gamma]$ with bounds $A,$ $B$ .
$s_{r_{-})}.t$ :
$L( \gamma)=\frac{\pi}{4\gamma}-\frac{1}{\gamma}aI^{\cdot}csi_{l1}\{\frac{1}{\sqrt{2}}(1-\sqrt{\frac{A}{B}})\}$ .
Go$r|,.;i$ ($f,r,r$ the $5C.$)$q\uparrow l,t^{\supset}n(i(j\{\rho_{n}\}_{\tau|.\in Z}$ of complex $n\uparrow l7nber\cdot 9\rho_{n}=l^{\iota_{n}}+i\sigma_{n}s\uparrow\iota chtha,t$
$\sup_{n}|_{l^{l_{b}}},.-\lambda_{r\iota}|=\delta<L(\gamma)$ and $sn_{1)}n|\sigma_{??},|=\Lambda\prime I<\infty$ . Then, $\{\rho_{n}\}_{n\in Z}$ is a frame
sequence for $L^{2}[-\gamma, \gamma]$ .
(7) $\theta 2$ , , $\{\epsilon^{i\lambda,t}:’\}$ R,iesz basis 2 $\{e^{i\rho_{1}t}\}$ Riesz basis
. Riesz basis
, Kadec’s 1/4-theorem .
, , (1.2) $\{\epsilon^{i\lambda_{\iota,\alpha}t})\}$ , Theorem $C$ bounds
$A,$ $B$ . o) Theorem $C$ , $\{e^{i\lambda_{\iota,(\mathfrak{i}}\ell}\}$
, [$\cdot$) $t^{3}.st$ possible .
, .\acute Riesz basis ,
$c:(Ilditional$ basis . , $L^{2}[-\pi, \pi]$
$(j\langle)1ldil,ioni\iota 1$ basis $0$) . [8]
, , . , $\{x_{n}\}$ ,




Theorem $D$ ([1, p.160]: see [12, p.428, Example 14.4]).
Let $0<(j<1/2.$ $Ther\iota\{|t|^{-\beta_{J},\dot{r,}nt}\}_{7l\cdot=\infty}^{\infty}--$ and $\{|t|^{\beta}e^{int}\}_{n=-\infty}^{\infty}ar\cdot e$ bounded condi-
tional bases for $L^{2}[-\pi, \pi]$ .
) , Hunt, Muckenhoupt, Wheeden [4, Theorem 8] Kazarian [7],
Olevskii [10] , :
Theorem $E$ (see [7, p.241]).
$2\pi$ $?()(t)\geq 0$ , {\uparrow lj(t)eint}n\infty =-\infty ( $\{w(t)^{-1}e^{int}\}_{n=-\infty}^{\infty})$
$L^{2}[-\pi, \pi](\prime^{-})$ conditional basis
(1) $\prime n$) $(t),$ $n$ ) $(t)^{-1}$ 1 ,
(2) $\prime u\prime^{2}(t)$ ? $(A_{2})$ -cionditio$7l$ .
$T1_{1!t)1t:\iota I1}D,$ $E$ , $2\pi$ ,
.
2. RIESZ BASIS
$\{\lambda_{n}.\}$ , $\{c^{i\lambda,t}\}$ Ricsz basis ,
$\partial_{\text{ }I)}1$)$roxinl$ atc Parseval’s identity” (see Young
[14, Ch.4, $l_{\backslash }^{1}2$]);
There are positive constants $A$ and $B$ dePending only on $\{\lambda_{n}\}$ , and not on $f(t)$ ,
.such that
$A \sum|c_{7\}}.|^{2}\leq\Vert f\Vert^{2}\leq B\sum|c:_{\tau\iota}|^{\dot{2}}$ for $f(t)= \sum_{-\infty}^{\infty}c_{n}e^{i\lambda_{t}.t}$ .
$A$ and $B$ Ricsz basis bounds . Theorem $C$
$frn,7\gamma|’$. $bo\uparrow m(l,\backslash \backslash$ . , , (1.2)
$\lambda_{n,\alpha}$ , Riesz basis $\{e^{i\lambda_{n}}’" t\}$ , bounds $A$
$B$ . .
Theorem 2.1. Let $\{c^{i\lambda_{ll\cdot,\alpha}t}’\}$ be a Riesz basis where the $\lambda_{n.,\alpha}$ are given by (1.2) for
$1/4<(\rangle’<3/4$ . $Th()ntf|,(:n()rt$ inequaliti $r^{)},s$
$(1-|_{b} i_{I1}(2c\iota’\pi)|)\sum_{fl\cdot\neq 0}|\iota:_{?l}|^{2}\leq\Vert_{n\neq 0}\sum(ir^{i\lambda,,,l\Vert^{2}}1^{J}(1\leq(1+|s’i_{I1}(2\alpha\pi)|)\sum_{n\neq 0}|q|^{2}$
hold for $e.?$) $er\cdot y$ finite sequen($:e$ of comple.$x$ numbers $\{(\backslash 7|\}$ .
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$T$ ] $’\backslash$ , .
Corollary 2.1. Let $\{\epsilon^{J}.i\lambda_{\iota,\alpha}l\}$ be a Riesz basis where the $\lambda_{7}$ are given by (1.2) for
$1/4<(y<3/4$ . If $\{\prime l_{71}\}i.s$ a sequence of real numbers for which
$| \mu_{n}-\lambda_{r\iota,(y}|\leq L<\frac{1}{4}-A(\alpha),$ $n=\pm 1,$ $\pm 2,$ $\ldots$ , (24)
$u\prime hJ$
$A(\alpha)$
$tl_{l}$, en $\{\epsilon:^{i_{ll\cdot n}t}\}i\backslash \cdot\iota Ri_{\text{ }}e..\backslash \cdot z$ basis for $L^{2}[-\pi, \pi]$ .
R,odheffer and Young Kadec’s 1/4-Theorem , constant 1/4’
$\iota-$) $ei)^{\prime t}$ possible constant [11, Theorem 4 and Corollary].
$0^{-}$) , constant $\prime 1/4-A(cv)$ , best possible
$c\cdot()I1^{\backslash }f\dot{\zeta}\iota I1$ {, . , . ,
$()()I1_{t}\backslash \cdot t\dot{)}I\iota t$
: $1/4-A(\alpha)$ best possible constant , $\alpha=1/2$
. 2 .
Lemma 2.1. If $1/4<\alpha<1/2$ , then
$\frac{1}{2}<\alpha+A(\alpha)<\frac{3}{4}$
$Le\iota\iota 111la2.2.$ If $1/2<(\gamma<3/4$ , then
$\frac{1}{4\prime}<\alpha-A(\alpha)<\frac{1}{2}$
2 , Corollary 2.1 :
Theorem 2.2. Let $\{e^{i\lambda,.t}\backslash ^{C\forall}\}$ be a Riesz basis where the $\lambda_{n.)\alpha}$ are given by (1.2) for
$1/4<cv<3/4$ , cy $\neq 1/2$ . And let $\{\delta_{7l}\}$ be a sequence of nonne,qative numbers for
$which|\backslash 111)_{\gamma}.\delta_{71},$ $<r\nu+A(\alpha)-1/2f_{07}\cdot 1/4<\alpha<1/2$ and $\sup_{n}\delta_{n}<1/2-\{\alpha-A(\alpha)\}$
for $1/2<\alpha<3/4$ . If $\{\ell\iota_{n}\}$ is a.sequence of real numbers for which
$|/ \iota_{n}-\lambda_{1,\alpha}|\leq\frac{1}{4}-A(\alpha)+\delta_{n},$ $n=\pm 1,$ $\pm 2,$ $\ldots$ ,
$tl|,e^{J},rl\{d;/\prime_{I},l\}$ is a Riesz ba.sis for $L^{2}[-\pi, \pi]$ .
, (2.1) consta,$Ilt(\prime 1/4-A(\alpha)$ , $\alpha\neq 1/2$ $h$ , best
possible constant .
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Remark 2.1. “best possible constant” , Redheffer and Young
[11, Theorem 4 and Corollary] , $Ka$dec.’s 1/4-theorem con-
$st_{\dot{c}111}t1/4$
’ . , Theorem $B$
$| \prime r_{\iota}-\lambda,,,,\perp/2|\leq\frac{1}{4}:n=\pm 1,$ $\pm 2,$
$\ldots$ ,
$| \iota_{n}-\lambda_{71}.,<\frac{1}{4}$ $n=\pm 1,$ $\pm 2,$ $\ldots$ ,
, $\{\rho^{i_{l’\cdot\prime)}t}\}$ Riesz basis . , Theorem 2.2
, $r\nu.\neq 1/2$ , $\iota\leq\frac{1}{4}-A(\alpha)+\delta_{7I}$. $\{e^{i,\iota_{\mathfrak{n}}t}\}$ Riesz basis
.
Remark 2.2. Katsnelson ? [6] -C, sine-type entire function
, $K_{\dot{r}}\iota d\in\backslash .(:s^{\backslash }1/4$-theorem . , Redheffer and Young [6,
-Theorem 7] . TheoreIn 2.2 $\{\lambda_{71.q}\}$ $1/4<\alpha<1/2$ , sine-
type entire $f\iota lnction$ . $1/2<\alpha<3/4$
, $\{\lambda_{\iota,(X}\}$ $si_{l1}e$-type ent,ire function .
3. CONDITIONAL BASIS
, $u$) $(t)$ $L^{2}[-\pi., \pi]$ $2\pi$ , $[-\pi, \pi]$
$()$ .
Lemma A (see [3, $p105$ , (1.6)]).
$f\in L^{2}[-\pi, \pi]$ ,






Lemma 3.1. $\mathbb{R}$ $tl$ ) $(t)$ . , $\delta$ ,
$C$ (\dagger .
(1) $’\iota\ell.’(t)\geq\delta>0,$ $-\pi\leq t\leq\pi$ .
(2) $\prime 1l.\prime^{2}(t)$ $(\mathcal{A}_{2})- co\uparrow/,diti()r\iota$ .
, $f\in L^{2}[-\pi_{:}\pi]$ ,
$(1_{-\pi}^{\pi}|\tilde{J}(t)|^{2}n)2(t)dt)^{\frac{1}{2}}\leq C(./-\pi\pi|f(t)|^{2}u\prime^{2}(t)dt)^{\frac{1}{2}}$
.
Lemma 3.1 , (2) , [4, Theorem
1] , $uf(t)$ $L^{2}[-\pi, \pi]$ $2\pi$ . 2
lenlmas .
Proposition 3.1. $\mathbb{R}$ $\prime nj(t)$ . , $\delta$
.
(1) $’\iota l$ \dagger (t) $\geq\delta>0,$ $-\pi\leq t\leq\pi$ .
(2) $ul(t)$ $-\pi\leq t\leq\pi$ .
(3) $’\{l_{\dot{\ovalbox{\tt\small REJECT}}}^{2}(\dagger)$ $(A_{2})- co\uparrow\iota diti()n$ .
, $\{’(\int(t)c^{irt.f}’\}_{/.=-\infty}^{\infty}$ $L^{2}[-\pi, \pi]$ boundecl conditional basis .
, [13, Theorem 1] , .
Theorem 3.1. $\mathbb{R}$ $\uparrow l(t)$ . , $M,$ $L,$ $\delta$
.
(1) $ll$ ) $(t)\geq\delta>t),$ $-\pi\leq t\leq\pi$ .
(2) $1l’(t)$ ? $-\pi\leq t\leq\pi$ $|t|u.|(t)\leq M,$ $-\pi\leq t\leq\pi$ .
(3) $’\ell l.’ 2(t)$ $(A_{2})$ -condition .
,
$0<L< \frac{1}{\pi}$ log $( \frac{\pi\delta}{A’I}+1I$
$L$ , $\forall\gamma l$,
$|\ell’\iota-\lambda_{n}|\leq L$
$\{ll)(t)\epsilon i^{i\lambda,/}\}_{n=-\infty}^{\infty}$ $L^{2}[-\pi, \pi]$ bounded $cor\iota dit\prime ional$ basis .
Remark 3.1. $\}_{1drlllOl1}ic$. , biorthogonal ,
{ $\{\int’(t)^{-1}e^{\dot{|.}\lambda_{l},t}\}$ conditional basis .
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Remark 3.2. $\{e^{i\lambda_{1}t}\}$ , $L^{2}[-\pi, \pi]$ conditional
ba.$sis$ (nonharmonic fourier analysis
) , . .\acute
[9] . .[ .
Problem 3.1. $\mathbb{R}$ $tl$) $(t)$ Thcorem 3.1 (1), (3)
, , $t^{l}|l$ ) $(t)r^{i\lambda_{7\mathfrak{i}}}){}^{t}I$ $L^{2}[-\pi, \pi]$ condittonal $b/|,si.s$ $\uparrow()(t)$ $-\pi\leq t\leq\pi$
?
, , $L$ , $|\lambda_{n}-n|\leq L$
$\{\lambda_{1}.\}$ , $\{cJ\dot{t,}\lambda_{l\iota}t,\}$ } $)_{\dot{(}r:^{\backslash }is}$ unconditional, , Riesz basis
.
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